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Abstract 

We classify 3-dimensional semistable Frob-semisimple representations of Gq f . 

In this paper we classify 3-dimensional semistable Frob-semisimple representations of Gk where 
K is the unramified extension of Q p of degree /. As in pQ, this easily extends to the case of 
3-dimcnsional semisimple representations of Gk for any finite extension K of Q p , including the 
non-Frob-semisimple and Frob-scalar cases. The paper was written in June 2012 during the The- 
matic Program on Galois Representations at Fields Institute. We thank the Fields Institute for its 
hospitality and financial support. 

Let p will be a fixed odd integer prime, Kf = Q p / the finite unramified extension of Q p of degree 
/, and E a finite, large enough extension of Kf. When the degree of Kf plays no role we simply 
write K. We denote by uk the absolute Frobenius of K; we fix once and for all a distinguished 
embedding K 'A- E and we let Tj = tqocf 1 k for all i = 0, 1, / — 1. We fix the /-tuple of embeddings 
| t \:= (to,ti, ...,t/_i) and we denote -Z?' T := J7 T . K ^ E E, with the embeddings ordered as above. 
The map v : K (8q E — > _B' T ' with v(x ® y) :— (Ti(x)y) Ti is a ring isomorphism and the ring 
automorphism \e®o:E®K^E®K transforms via v to the automorphism ip : E\ T \ — s- E\ t \ 
with <p(xo,Xi, ...,Xf-i) = (x±, Xf-i,Xo). Notice that tp? acts trivially on E\ T K We denote by 
e n = (0, li, 0) the idempotent of _E' T I where the 1 occurs in the r^-th coordinate, for each 
i G {0, 1, / — 1}. For any x e £ , ' T I, we denote by x(i) its i-th coordinate, by Nm ¥ ,(x) the vector 

Yli=of l (x); we write Nm v (x) for the scalar Y\{=Qx(i) such that Nm^(f) = Y\{Iqx(i) ■ 1, and we 
define v p (Nm ¥ ,(a;)) := v p (^\l~^ x(i)) . For any matrix A with entries in _B' r ' we write Nm v (A) := 
Aip(A) ■ ■ ■ (p^~ 1 (A), with ip acting on each entry of A. 

1 Rank three weakly admissible filtered ^-modules over K 
with E'-coefficients and distinct eigenvalues of frobenius 

Let MF^- E be the category of filtered v?-modules over K with ^-coefficients, and let MF^^ a ' be 
the subcategory of weakly admissible filtered y-submodules. Let (D, ip) be a three-dimensional 
object in MF K E . We let Di := e Ti Di and we define FiVDi := e n FiF D for all i and j, and for 
each i — 0, 1, ...,/— 1. We define the labeled Hodge- Tate weights HT (Di) of D with respect to 
the embedding r, to be the multiset consisting of the opposites of the jumps of the filtration of 
Di, and after twisting by some rank one weakly admissible filtered ^-module we may assume that 
HT (Di) = {0 = ko(i) < ki(i) < k2(i)} for all i. We say that the eigenvalues of frobenius of 
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{D,ip) are distinct if Mate (ip) — diag fa, b, c\ for some ordered basis e and some a, b, c G (E x )^ 

with distinct Nm v (a) ,Nm ¥ ,(&) and Nm^ (c) . This is equivalent to Mat e ) being diagonal with 
distinct diagonal entries of the form a ■ 1, where a G £' x (see Proposition II .5[) . We classify rank 3 
objects of MF 1 ^- E up to isomorphism and give a criterion for weak admissibility. 

Proposition 1.1 Any rank 3 filtered ip-module over K with E- coefficients, distinct eigenvalues 
of frobenius, and labeled Hodge-Tate weights HT (_D,) = {0 = ko(i) < k\{i) < k 2 (i)} for all i is 
isomorphic to a filtered ip-module (D, ip) with frobenius action defined by a matrix of the form 

Mate (<p) — diag (a, b, cj 

: of D and s 

Nm v (c) , and filtration 



for some ordered basis e of D and some a, b, c G (E x ) with distinct norms Nm^ (a) , Nm„(6) and 



FiF (D) = ©FiF (A) , 

j=0 

w/iere: 

1. //HT (Di) = {0 = fco(«) < ki(i) < k 2 {i)}, then 

!e Tt E^e © e Ti £l r lei © e Ti £l r l e2 if j < 0, 

e Tl £^ |r| (e + x 2 (i)e 2 ) © e Tl £l T l (ei + x' 2 (i)e 2 ) if 1 < j < h(i), 
e Tt E^ (e +si(i)ei + a#(i)e 2 ) if l + <j<k 2 (i), 

if 1 + fca(*) < j, 

(*>) 

with xi(i) € E, x 2 (i), x' 2 (i) G {0, 1}, and x^'O) = ^(i) + £i(*)#2(*)- 

//HT (Dj) = {0 = fco(i) < fci(i) = k 2 (i)} or {0 = k a (i) = ki(i) < k 2 (i)}, then 

( e Tl E^e ®e Tt E^e 1 ®e Tt E^e 2 if j < 0, 

FiF A = < e Ti £:l r l (eo + ara(*)e a ) © e Ti E^ (ei + z 2 (i)e 2 ) if 1 < j < *(*). 

I if j > 1 + *(»), 

(^i) 

with x 2 {l),x' 2 (i) G {0, 1} and with k{i) denoting the nonzero weight, or of the form 

( e Tl E^e © e Tt E^ ei © e Tl E^e 2 if j < 0, 
FiV (e Tz D) = I e Tl E\ T \ {e + xi{i)ei + x'J,{i)e 2 ) if 1 < j < k(i), ( T 2 ) 

{ ifj>l + fc(i), 

with xi(i),x 2 (i) G {0, 1}. 
3. Finally, i/HT(A) = {0}, then 



FiPD- = I e ^ jB|r ' e ° ® e r«- B|T ' e i ® er 1 ^ |T| e 2 if j < 0, 
1 4 1 if j > 1. 
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Let 

lo :={0,1,...,/-1}, 
h ■= {i£/o: HT (A) = {0 = k Q (i) < < k 2 (i)}}, 

and 

I 2 := {i e I : HT(A) = {0 = k (i) = fci(i) < k 2 (i)} or HT (A) = {0 = k (i) < h(i) = k 2 (i)}, 
and the filtration of A is given by formula Q J-\ | ) } . In this case the nonzero weight is denoted by k(i). 



Finally, let 

7 3 := {i€/„: HT (A) = {0 = k (i) = fc x (i) < k a (*)} or HT (A) = {0 - fc « < = k 2 (i)}, 
and the filtration of A is given by formula fl 7^ }. 

Proposition 1.2 A filtered tp- module (D,ip) as in Provosition \l.l \ is weakly admissible if and only 
if 

v p (Nnv (a)) + v p (Nm v (6)) + v p (Nm^(c) = ^ (fc^i) + fc 2 (i)) + ^ 2k(i) + ^ (1.1) 
u p (Nm v (a)) > ^ h(i)+ Mi) + (1-2) 

such that such that 

2:2(2)— and xi(i)^0 xi(i)—X2(_i)—0 

+ E fc «+ E 

iGl2 such that *G/3 such that 



« P (Nm,(t))> £ k ^)+ E fe W. (1-3) 

such that such that 

x' 2 (i)=0 x' 2 (i)=0 

v p (Nm v (c))>0, (1.4) 
i> p (Nm v (a)) + w p (Nm y (6))> fc iW+ E fc 2« + 

(1.5) 



such that such that 



E (*i(o+*a(0)+ E E 2fc ( j )+ E fc ( j )> 

iG/i such that j£J 2 such that x' 2 (i) = l or such that i£l 3 such that 

x 2 (i)=x' 2 (i)=Q x' 2 (i}=0 and aj 2 (i)#0 x 2 (i)=x 2 (i)=0 x 2 (i)=0 
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v p (Nm v {a)) + v p (Nm v {c)) > fc i(0 + E ( L6 ) 

iG/j such that i£Ji such that 

xi(i)^0 xi(i)=0 

+E fc « + E fc W' 

*£^3 such that 
Xi(i)=0 

Up (Nm^(6)) + Up (Nm v (c)) > ^ ki{i) + ^ fc(i). (1.7) 

ieii ieh 

The filtered ip-module is irreducible in MF^-'™^ if and only if all inequalities (ll.2l) - (jl.7l) are strict. 
Assuming that (D, ip) is weakly admissible, 

(a) The submodule Dq is weakly admissible if and only if inequality (II .2[) is equality. 

(b ) The submodule D\ is weakly admissible if and only if inequality (11.31) is equality. 

(c) The submodule D2 is weakly admissible if and only if inequality (|1.4|) is equality. 

(d) The submodule Dqi is weakly admissible if and only if inequality (jl.5j) is equality. 

(e) The submodule D02 is weakly admissible if and only if inequality (jl.6j) is equality. 

(f) The submodule D\2 is weakly admissible if and only if inequality (II. 7|) is equality. 

We denote the filtered module of Proposition 11.11 by (T>(a,x)), where a — (jx,b,cj and x = 
(xi, X2, x 2 , x 2 ) ■ 

Proposition 1.3 We have (T> (a, x)) ~ (T> (ai , j/)) , where a\ = ^a*i, 61, Cij and y = (yi, j/2, 2/2, $2) 
«/ and onZi/ i/ either 

1. ^Nm ip (a),Nm v (6),Nm^(c)^ = m^^i), Nm,,^), Nm^^jj , and 



(a) For all i such that the filtration of Di is given by formula |J-q[ ), either 

i. x 2 (i) = 2/2(0 = x' 2 {i) = y' 2 {i) = 1, and x\{i) = y\{i) or 

ii. X2(i) = 2/2(0 = 0, x' 2 (i) = 2/2(0 — 1) arl d #i(0 ^ if and only if y\{i) =fc 0, or 

Hi. x' 2 (i) = 2/2(2) = 0: 2^2 (*) — 1 */ a? id on/j/ */ 2/2(0 — 1; a71 ^ £i(0 / i/ and onfo/ i/ 
2/i(0^0. 

For a/Z i swc/i i/iai i/ie filtration of Di is given by formula lJ-\\) , x' 2 {i) = y' 2 {i), and 
X2{i) = 2/2(0- 

(c) For all i such that the filtration of Di is given by formula ([ J-2I ), X\(i) = yi{i) and 

x>i{i) = y' 2 >(i). 

2. (Nm y (a),Nm y (6),Nm v (c)) = (Nm^&i), Nm y (ai), Nm^q)) , and 

(a,) For aZ/ i such that the filtration of Di is given by formula &J-q\ ), either 
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i x 2 = y 2 = x' 2 = y' 2 = 0, and X\y\ ^ 0, or 
ii. x' 2 = y 2 = 0, x 2 = y'2 = 1) and Vi%i 7^ 0, or 
Hi. X2 = y'2 = 0, a;' 2 = 2/2 = 1 5 ond xij/i 7^ 0. 

(b) For all i such that the filtration of Di is given by formula jJ-\\) , x' 2 (i) = J/2 ; and 
y' 2 (i) = x 2 (i). 

(c) For all i such that the filtration of Di is given by formula if J^j ), xi(i) = yi(i) = 1 and 
4'(0 = 2/ 2 '(0- 

^Nm v (a),Nm ¥ ,(&),Nm v (c)^ = \ Nm v (ci),^m (p (ai),'Nm v (bifj , and 

(aj For all i such that the filtration of Di is given by formula &J-q\ ), either 

i. x' 2 (i) = 2/ 2 (0 = 0, x 2 (i) = y' 2 (i) = 1, and x\{i)yx{i) ^ 0, or 

ii. x 2 (i) = y 2 (i) = x' 2 (i) = y' 2 (i) = 1, and Xi(i)yi(i) +x 1 (i) + l = 0. 

(b) For all i such that the filtration of Di is given by formula {J-\\) , x 2 (i) = y' 2 (i) = 1, and 
x' 2 (i) — 1 if and only if 2/2(0 — 1- 

(c) For all i such that the filtration of Di is given by formula |f J-2]) , x\(i) — y' 2 (i) = 1 and 
x' 2 {i) — 1 if and only if 2/1 (0 = 1. 

^Nm^a), Nm v (6), Nm y (c)^ = MSfoi^ai), Nm y (?i), Nm y (6i)j , and 

faj For a^ i smc/i that the filtration of Di is given by formula |J-q[ ), either 

i. x 2 {i) — t/2 (*) = 2/2W = ^(O = 1' an< ^ ^i(0 + 2/iM + 1 = 0, or 

ii. x 2 (i) = j/2 (*) = 0, x' 2 (i) = y' 2 (i) = 1, and xi(0 ^ if and only if y\{i) 7^ 0. 

(b) For all i such that the filtration of Di is given by formula (FiD , x' 2 (i) = y' 2 (i) = 1 
and x 2 (i) = J/2 (*) - 

(c) For all i such that the filtration of Di is given by formula | J- 2 \ ), x' 2 (i) = 2/1 (0 and 

= 2/ 2 (0- 

^m v (a),'Nm lp (b),'Nm. lp (c)^ = rNin v ,(ci),Nm(p(6i),Nm v ,(oi)^ , and 

(a) For all i such that the filtration of Di is given by formula |Fq| ), either 

i. x 2 (i) = 2/2(0 = x' 2 (i) = 2/ 2 (0 = 1, xi(i) 7^ 0, and xi(i) (yi{i) + 1) + 2/1 (0 = °> or 
«. x%(i) = 2/1 (0 = 0, and x 2 (0 = y 2 (0 = ^(0 = 2/2(0 = 1) or 
Hi. xi(i) = 2/i(0 = ^(O = ^(0 = 0' an d ^2(0 = 2/2(0 = Ii or 
iw. x 2 (0 = 2/2(0 = °> ^(0 = 2/2(0 = 1) and xx{i)yx{i) 7^ 0. 
(7>^ For all i such that the filtration of Di is given by formula |Fi[ ), x 2 (0 = 2/2(0 = 1 aria ' 
2/2(0 = 4(0- 

(c) For all i such that the filtration of Di is given by formula f F 2 | ), x 2 '(0 = 2/ 2 (0 = 1 anc ^ 
«i(0 = 2/1 (0- 

(Vm v (a),Nm v (o*),Nm y (c)^ = ^Nm ¥ ,(&i), Nm y (?i), Nm,,(ai)j , and 



(a) For all i such that the filtration of Di is given by formula &J-q\ ), either 

i. x 2 (i) = y 2 (i) = x 2 (i) = y' 2 (i) = 1, and yx(i) (x^i) + 1) + 1 = 0, or 

ii. x' 2 (i) = y 2 (i) = 1, x 2 (i) = y' 2 {i) = 0, and xi(i)yi(i) ^ 0. 

(b) For all i such that the filtration of Di is given by formula HJ-i\ ), x' 2 (i) = y 2 (i) = 1 and 

y'S) = x 2 {i). 

(c) For all i such that the filtration of Di is given by formula ( J- 2 ty , x 2 (i) — yi(i) = 1 and 



Proposition 1.4 Let (D,cp,N) be a filtered (tp, N)-module over K with E coefficients and distinct 
eigenvalues of frobenius. There exists some ordered bases e of D over £ , ' T ' such that Mat e (tp) = 

diag ^a, 6, cj with distinctNm l p(a),Nm. t p(b),Nm. ( p{c) and filtration as in Provosition \Ll\ The matrix 

[N] e of the monodromy operator with respect to the basis e has one of the following forms with 
at most two nonzero entries: 

1. 

[N]e = 

or 



[N]e = 



or 






a*i2 











a 2 3 


031 














ai3 


0*21 











a*32 








ai2 











a 2 3 


a*3i 









G 



where 



0*12 = a i2 1 



6(0) 6(0)6(1) 



ai3 = »13 
a 2 i = a 2 i 

023 = a 23 
a 3 l = 0.31 ^1 

032 =032(1 



6(0)6(l)-.-6(/-2) 
V- 1 o(0)o(l)--.o(/-2) 

c(0)c(l)---e(/-2) 
V- 1 o(0)o(l)--.o(/-2) 

g(0)o(l)---o(/-2) 
V-^CO) 6(1) •"&(/ -2) 

c(0)c(l)---c(/-2) 
V-^ (0)6(1) •.■&(/ -2) 

o(0) a (l)---a(/-2) 
'p/- 1 c(0) C (l)---c(/-2) 

6(0)6(l)---6(/-2) 

pc (0) ' P 2 c (0) c (1) ' ' pf-ic (0) c(l) ■ • • c(/ - 2) 



pa (0) Vo(0)o(l)' 

/ _c(0)_ c(0)c(l) 

V ' pa (0) ' p 2 a (0) a (1) ' 

/ _a^0)_ o(0)o(l) 

^ 'p6(0)'p 2 6 (0)6(1)' 

/ £(0|_ c(0)c(l) 

^ 'p6(0)V6 (0)6(1)' 

o(0) a (0) a (1) 
pc(0) Vc(0)c(l)'" 

6(0) 6(0)6(1) 



for some an G 23, 
for some 013 G 23, 
for some a 2 i G 23, 
for some 023 G 23, 
for some 031 G 23, 
for some 032 G 23. 



If ai2 7^ i/ien Nm v (6) = p^Nm^fa), 1/031 7^ i/ien Nm ¥ ,(a) = p^Nm^lc) and if a 2 % ^ then 
Nm y (c) = p-'Nm 9 (6), £/ai3 7^ i/ien Nm v (c) = p^Nm v (a), 1/032 7^ t/ien Nm ¥ ,(6) = p*Nm v (c), 
and if a 2 \ ^ i/ien Nm v (c) = p^Nm ¥ ,(6). 

Since the eigenvalues of frobenius are distinct, in all cases of Proposition ll.41 at most two of the 
entries of the matrix of [N] e are nonzero. 



1.1 Proof of the propositions 

The map ipf is 23l r l-linear, Di is 3-dimensional over 23 and Di is ^-stable for all i. By Jordan 
decomposition, for each i = 0, 1, / — 1, there exists an ordered basis e(i) — (eo(i), ei(i), e 2 (i)) of 
I?i over 23 such that Mat e ; (<p^) has one of the following forms: 

Mat £ < ((p f ) = diag(oii(i),a 2 2(i),a33(i)) 

for some • G 23 x , or 

/ a u (i) \ 

Mat £ . (V) = 1 au(i) 

V fl 33« / 

for some distinct on(i), 033(1) G 23 x , or 

/ a n (i) \ 

Mate- (f f ) = 1 au(i) 

V 1 a "W / 

for some a\\(i) G 23 x . The 23-linear map <p : Di — >• Z?i + i is an isomorphism and {on(i), 022(1)1 033(2)} = 
{an(i + 1), 022(2 + 1), 033(1 + 1)} for all i. Permuting the basis elements of the Di we may assume 
that an := on(i), 022 : = 022(0 ano - °22 := 033(1) for all i. Moreover, if Mat,,* Up^) has one of 
the types above for some i then Mat,,; Up^) has the same type for all i. For the ordered basis 
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/-I 

e = (eo, ei, e 2 ) , where tj := £j(i)> the shape of Mat e \}P*) is of the forms: either 

i=0 



Mat £ (f f ) = diag |a u • 1, a 22 • 1, 033 ■ l) (1) 



Mat £ (V) = 1 an • 1 (2) 



an ■ 


1 












1 




an • 


1 

















033 • 


1 


an • 


1 












1 




an • 


1 












1 




an • 


1 



or 

Mate (<p f ) = I 1 an ■ 1 I . (3) 
V f a n -l ) 

Proposition 1.5 A rank 3 filtered <p-module (D,tp) over K with E- coefficients has distinct eigen- 
values of frobenius if and only if there exists an ordered basis e such that 

Mate (<p f ) = diag |a u • 1, a 22 • 1, a 33 • lj 

for some distinct ajj G E x . 

Proof. Let P := Mat £ (^) = (P ,Pi,...,P f -x) and Q := Mate(v? / ) = (Qo, Qi, Qf-i) ■ Since 
Q = Nm v (P) and </ (P) = P, we have Q = Pip (Q) P- 1 and Q t = PiQ^Pr 1 for all £ = 1, 2, /. 
Since Qi — Qi+i — diag (an, a 22 , 033) for all i, we have QiPi = PiQi, and since the ctjj are 
distinct, a direct computation shows that Pj is diagonal for all i. The proposition follows since 
Nm v (a) = an ■ 1, Nm v (6) = a 22 • 1, Nm v (c) = a 33 • 1, and the ajj are distinct. The other direction 
is trivial. ■ 

Proof of Proposition [TTTl Let e = (eo,ei,e 2 ) be an ordered basis of D such that Mate (vQ ^ s 
diagonal, and fix some i G {0, 1, / — 1}. Assume that the labeled Hodge- Tate weights of D with 
respect to the embedding Tj are distinct. Then the filtration FiP (Z)j) := e Ti FiF (£)) of £>i := e Ti D 
has the form 

e Ti D if j < 0, 
e n D 2 if 1 <j < fci(<), 
e Ti L»i if 1 + fci < j < fc 2 (i) 

0* if J > 1 + *&(«)> 

where 

e Ti D2 = e ri i?' T ' (u e + u\e\ + vi 2 e-f) © e T4 £j' r ' (^e + iTJei + w^e 2 ) , 

with ttj,^- G £ , ' r '. The vectors e Ti (upec + u\e\ + ■o 2 e 2 ) and e Ti (v^eo + v\e\ + ^e 2 ) are linearly 
independent over E and for simplicity we write vtj := and = f^. The space e Ti D\ is some 
1-dimensional subspace of e Ti D 2 . Applying an automorphism of (D,(p) which permutes the basis 
elements, if necessary, we may assume that the i-th coordinate vo(i) of Vq is nonzero. Then 

e T;-C>2 = e Ti^' r ' — ug^voii)" 1 v(i)) e Ti i?' T 'i;o(i) -1 i;(i). 



FiFA 
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Since e Ti D 2 is 2-dimensional over E, we have U\{i) — v,q(i) ^ or u 2 (i) — M o (i) vl(i) ^ ^- 
Applying the automorphism of (D, ip) which permutes the basis elements e\ and e 2 and fixes eo, if 
necessary, we may assume that r(i) :— ui(i) — uo(i) ^fej 7^ 0. Let 

Uo(i)U2(») - fo(«) u 2(«) 
w(i) := ei + ... 7tt ,., e 2 , 

then 

e T .D 2 = e^E^rii)- 1 (u(i) - u (i)uo(i) _1 «(i)) © e ri £ M vo(j)~ V*) 

= e T! £: |r| w(i) © e n £; |r| Do(i) _1 «(i) = e n £ |T| w(i) © e ri .E |7 ' 1 (« (i) _1 u(i) - Ui(i)«o(«) _1 u;(i)) 

= e^M f ei + "o^W-^t^W J e er .^|r| ^ + ^ (jMj) - Ui(tWj) ^ 
V uo(i)«i(i) - ui(z)i;o(i) / T ' \ uo(£)«i(i) - ui(i)v (i) 

Let 

,.s u 2 (i)vi(i) - ui(i)v 2 (i) , u a (i)v 2 (i) - v (i)u 2 (i) 

2/2 W = /.n i ■ \ /.n 7 * \ and 2/2(0 = /.n /.n 7T—F\- 

uo{i)vi(i) - ui{i)vo{i) uo(i)vi(i) - ui(i)vo(i) 

We have e Tl D 2 — e Ti E^ (e + 2/ 2 («)e 2 ) © e n i?l T (ei + y' 2 (i)e 2 ) , and let 

e Ti £>i = e Ti £l T l (A(*)eo + A*(*)ei + (A(% 2 (i) + e 2) 

for some \(i),^(i) 6 £ with (A(i), 7^ (0, 0) . If A(i) 7^ 0, we let x\{i) = ir 2 (i) = 2/2(1) and 
x' 2 (i) — y' 2 (i), otherwise we apply the automorphism of (D, ip) which permutes eo with e\ and fixes 
e 2 . Then 

e Ti D 2 = e Ti _E' r ' (e + £ 2 («)e 2 ) © e r; i?' T ' (ei + x' 2 (i)e 2 ) , 
where a^2(*) = y' 2 (i) and x 2 = J/2) 

e Ti £>i = e T< £H L + ^|jei + + *a(<)) e 2 

and we let x\(i) = ^j. If x' 2 (i) 7^ 0, applying the automorphism which maps e 2 to (x' 2 (i)) 1 • 1 • e 2 
and fixes eo and e\ we may assume that x' 2 (i) = 1. Similarly, if cc 2 (i) 7^ 0, applying the automorphism 
of (D,(p) which maps eo to x 2 (i) • 1 • eo and fixes ei and e 2 , we may assume that x 2 (i) = 1. The 
matrix of <p remains diagonal after applying each of the automorphisms of (D, if) above, and its 
eigenvalues remain distinct. This concludes the proof of the first part of the proposition in the case 
of thee distinct labeled Hodge- Tate weights with respect to the embedding r, . The proofs for the 
cases of two or three equal Hodge- Tate weights are special cases of the proof above. ■ 
Proof of Proposition 11.21 If D* — E^ T \ (zo&o + z\e\ + z 2 e 2 ) is a rank one (^-stable submodule, 
prove that if z r 7^ for some r, then Zj = for all j 7^ r. Indeed, let zo / and let Zo(i) 7^ 
for some i. We may assume that zq (i) = 1. Since D* is 99-stable, Zq (i) 7^ for all i. We apply the 
linear map if* to e Ti D* and we have 

e n («e + /3zi (i) e x + jz 2 (i)e 2 ) = te Ti (e + Z\ (i) e\ + z 2 (i) e 2 ) . 

Since the a, /3, 7 are distinct this implies that Z\ (i) — z 2 (i) = for all i. Hence the only rank one 
yj-stable submodules of D are the D s = E^e si s = 0, 1, 2. Let D* = £ , ' r l (z e + Z\e\ + z 2 e 2 ) © 
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-E' r (woeo + wie± + w 2 e 2 ) be a rank two tp-stable submodule. Assume that zq (?) 7^ 0. If u>o (i) 7^ 0, 
there is no loss to assume that zq(i) = wq (i) = 1. Since £)* is (^-stable, applying ip* we see that 
there exist G E such that 

ae + /3zi(i)ei + jz 2 (i)e 2 = Ai(i) (e + zi(i)ei + z 2 (i)e 2 ) + Hi(i) (e + u>i(i)ei + tw 2 (i)e 2 ) , (1.8) 
ae + /3wi(i)ei + 7U> 2 (i)e 2 = A 2 (i) (e + Zi(«)ei + z 2 (i)e 2 ) + A* 2 (i) (e + it>i(i)ei + u; 2 (i)e 2 ) . (1.9) 

These imply the following: 

(Ai(i) - /3) + Mi(*WW = 0, (1.10) 

(a - /i 2 (z)) Zl (i) + (/x 2 («) - /?) iui(i) = 0, (1.11) 

(Ai(t) - 7) z 2 {i) + Ln(i)w 2 (i) = 0, (1.12) 

(a - /i 2 (z)) z 2 (i) + (^ 2 (j) - 7) w 2 (i) = 0, (1-13) 

a = AiOO + /ii(i) = A 2 (i) + fp 2 (i). (1.14) 

We have (^i(i), tui(j)) 7^ (0,0) or (z 2 (i) , w 2 (i)) 7^ (0,0), and in the first case equations (|1.10|) . 
(fTTTj) and (TT111) imply that 



det 



Ai(i)-j8 Mi(0 
a-fi 2 (i) (j, 2 (i)-j3 



= det 



Ai(i) — j8 + /ii(i) /ii(i) 
a-/3 /x 2 (i) - P 



= {a-p) (/z 2 (i)- Ml (i)-/3) = 0. 



Hence — jU 2 (i) = b = X 2 (i) — Xi(i). Subtracting equations (jl.8|> and (11. 9| we get 

/3 (zi(z) - ioi(i)) ei +7 (z 2 (i) ~ w 2 (i)) e 2 = j3 (zi(i) - wi(i)) e\ + fi (z 2 (i) - w 2 (i))e 2 . 

Since /3 7^ 7. the latter implies that z 2 (i) = w 2 (i). Then z\(i) 7^ w\{i) and 

e Ti D* = e Ti i? |T ' (e + Z\{i)e\ + z 2 (i)e 2 ) © e n i?' r (e + W\{i)ei + z 2 (i)e 2 ) = 

e Tz E M (e + zi(i)ei + z 2 (i)e 2 ) © e T ,£: |T| ei = e T! £ |T| (e + z 2 (i)e 2 ) © e Tl S |r| ei. 

Since the eigenvalues of (pf are distinct, the latter is easily seen to be (^-stable if and only if 
z 2 (i) = w 2 (i) = 0. Arguing similarly for the remaining cases we see that the only rank two ^-stable 
submodules of D are the An := £ |r| e © £ |r| ei, D Q2 := E^e © E^e 2 , D 12 := E^ ei © E^e 2 . 
For any £?' r ' subspace D* of D we have 

4 (D*) = £ dini£ (FiP (£)*) /FiP +1 (D*)) = ^ dim^ (FiP (e ri Z?*) /FiP +1 (e T4 D*)) . 

(1) Assume that HT Ti (e Ti D) — {0 = fco(i) < fci(i) < fe 2 (i)}- Then the filtration of e ri Z? is given 
by formula fl-FoD - Since FiP (e T4 Do) = e n Do H FiP {e Ti D) , we have 

e Tl £l r le if j < 0, 



FiP (e Ti D ) 



e Ts £;l r leo if x 2 {i) = 0, 
if x 2 (i) = 1, 



e Tl £;l r le if x x {i) = x%{i) = 
if sci(«) 7^ or x 2 '(i) 7^ 



if j > l + k 2 , 



if 1 <j < fci(i), 
= 



if 1 + fci < j < k 2 , 
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t E H (e Ti D ) 



Oif x 2 (i) ^0, 

ki(i) if x 2 (i) = and x\{i) ^ 0, 
fc 2 (i) if Xi(i) = x 2 {i) = 0. 



' e Tt E^ ei if j < 0, 



FiF (e T< Di) 



{ 



e rs £l r l ei if = 0, 
if x' 2 (i) = 1, 



if 1 <j < hii), 



{ if 1 + h < j, 



t% (er ( Di) = 
FiF(e n £> 2 ) = 



if 4(i) = 1, 
fci(i) if z 2 (i) = 0, 



e Ti £l r le 2 if j < 0, 

o if i < i, 



t% (D 2 ) = 0, 
' e Tt E^e ®e Tt E^ ei if j < 0, 

r e n £M(eo-a;2(;)ei) ifa£(i) = l, ] 

^ e Ti Sl T le ©e Ti Sl T lei if ar 2 (i) = 4(«) = 0, > if 1 < j < h(i), 

[ e Tt E^ ei if x' 2 (i) = and x 2 (i) ± 0, J 

J e n Sl r l (e + x 1 (i)e 1 ) if x 2 {i) + Xxx' 2 {i) = Q , \ f , 

\ if a; 2 (i) + ^ 0, J + Kl " 3 ~ 

. if j > 1 + *&(*), 



!/ci(z) if x 2 (i) + xi(i)x' 2 {i) ^ 0, 
if x 2 (i) + xi{i)x' 2 {i) = and x' 2 (i) = 1, 
+ k 2 (i) if x 2 (i) = x' 2 (i) = 0, 



' e Tl £l T le ©e Tl £l T le 2 if j < 0, 
e Tl ^l T l (eo + 2:2(1)62) if 1 < j < k^i), 



FiF (e Ti D 02 ) = { 



( e T% E^ (e + x 2 (i)e 2 ) if = 0, 

\ if x x (i) ^0, 



} 



if l + fci(i) < j < Aa(i) 



[ if j >l + k 2 (i), 
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Finally, 



Hence 



e n £; |T| ei ©e ri £ , l T le 2 if j < 0, 
FiP (e Ti D 12 ) = { e Ti E^ {e x + x' 2 {i)e 2 ) if 1 < j < h{t), 
if j > l + h(i). 

t E H {e n D 12 ) = h(i). 



(2) Assume that the filtration of e Ti D is given by formula fl-7-"i| ). We have 

e Tt D if j < 0, 



hence 



hence 



hence 



hence 



FiF(e Ti A> 



e Tt D if x 2 (i) = 0, 
if x 2 (i) = 1, 



^ if j > l + fc(»), 



if 1 < j < k(i), 



t E H (e Ti D ) = 



if x 2 (i) = 1, 
k(i) if xx{i) = 0. 



e Tz Di if j < 0, 



FiP (e n Di) = < 



e Ti D\ if x' 2 (i) = 0, 
if x' 2 (i) = 1, 



if 1 < j < k(i), 



if j > l + fc(i), 



f£ (e TlJ Di) 



if x 2 (» = 0, 
if = 1. 



FiP (e Ti A>i) - { 



Fil (e T4 D 2 )-<j Q 



t E n (e n D 2 ) = 0. 
e Tt D Q1 if j < 0, 

e Ti i?l T l (e + x 2 (i)ei) if x 2 (i) = 1, 
e Ti Doi if 0:2(1) = x' 2 (i) = 0, 
e Ti i?l T lei if x' 2 (i) — and £2(2) 7^ 0, 



if i<i <*(*)» 



if j > 1 + 



tu (e Ti D Q 



k(i) if x 2 (i) = 1 or x' 2 {i) = and x 2 (i) ^ 0, 
2fc(i) if x 2 {i) = x' 2 (i) = 0. 
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FiP (e Tt D 02 ) = 



hence 



FiP {e Ti D 12 ) = 



hence 



e Ti D 02 if j < 0, 

e n E^ (e Q + x 2 (i)e 2 ) if 1 < j < k(i), 
if j > 1 + fc(i), 

if (e Tj -Do2) = fe(i). 
e T! L»i2 if j < 0, 

e Ti £l T l (ei + 4(i)e 2 ) if 1 < j < fc(i), 
if j > 1 + fe(i), 

if (er 4 D 12 ) = *(*)• 



(3) Assume that the filtration of e Ti D is given by formula Q F 2 \ . We have 

f e Tz E^e if j < 0, 



hence 



and 



hence 



hence 



FiP (e n D ) = 



e Ti E^ T ^eQ if = a; 2 (i) = 
if an (i) ^ or x%(i) = 1, 



if 1 < j < k(i), 



if j > 1 + 

^ (er 4 -Do) : 
FiP (e n ^i) = 



if aci(i) = 1 or x' 2 '{i) = 1, 
if = = 0. 



e TlJ Bl T lei if j < 0, 
if 1 < j, 



FiP (e Ti 2? 2 



e nJ Bl T le 2 if j < 0, 
if 1 < j, 



if {e Ti D x ) = if (e TiJ D 2 ) = 0. 
e Ti Z? i if j < 0, 



FiP (e Ti An) = ^ 



e Tl £l r l (e +x x (i)ei) if = 0, 
if a^'O') = 1, 



if 1 < j < k(i), 



^ if j > 1 + *(»), 



if (e Ti A)i) = 
e Ti D 02 if j < 0, 



if x%(i) = 1, 
k(i) if ar 2 '(i) = 0. 



FiP (e Ti D 02 ) = ^ 



e T! i?l r l (e + x 2 («)e 2 ) if xi(i) = 0, 
if x x {i) = 1, 



if 1<J <*:(<), 



[ if j > 1 + *:(*), 
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hence 

if (e Ti D 2) 



FiP (e T . D 



12) 
E 



if an (i) = 1, 
k(i) if xi(i) = 0. 

er sJ Di2 if j < 0, 
if 1 < j, 

t% (e Ti D 12 ) = 0. 

(4) If the filtration of e Ti D is given by formula QJ-3I ), then all the Hodge invariants are 0. For weak 
admissibility, we must have if (D) = if (D) and if (£>*) = if (£>*) for any ^-stable subspace D* 
of D. Clearly 

if (L>) = v p (Nm v (a)) + D p (Nm^(&)) + v p (Nm v (c)) 

and 

^ p) - E ( fc i( ? ) + mo) + E 2fc w + E *w- 

ie/l iG/2 i&h 

Also, if (D ) = v p (Nm v (a)) and 

if x 2 (i) ^ 0, ) r o -f /-\ i 

I . I it X2(l) = 1, 



fc 1 (i)ifx 2 (i)=0 a ndxi(i) 7 ^0, >+Ej 
fc 2 (i) if X\(i) = x 2 (i) = J iG/ 2 ^ 



fc(i) if xt(i) = 



E 



if xi(i) = 1 or x' 2 \i) = 1, 
fc(i) if x x {i) = x' 2 \i) = 



Similarly, we must have 



u p (Nm y (c)) >0, 

f fci(i) if a5 2 (i) + xi(i)x^(i) / 0, 

v p (Nm v (a)) + v p (Nm ¥ ,(&)J > E 1 ^ 2 ^ ^ 352 W + ^lW^C*) = and x' 2 (i) = 1, 

iGJi I fci(i) + fc 2 (i) if x 2 (i) = x 2 (i) = 



+ E 



fc(i) if x' 2 (i) = 1 or x£(i) = and x 2 (i) ^ 0, \ ^ / if x%(i) = 1 



t 2k(i) if x 2 (i) = x' 2 (i) = J ^ 1 k(i) if a#(i) = J ' 



„ P (Nm , («), + „ P (Nnv(«» > £ { jj :;<•» f J } + £ *> + £ { - » } 

i€Ji ^ iSJ 2 iGJ 3 *• ^ 

and 

Up fNm,,(?)j + v p (Nm,(c)) > E fc i 00 + E 
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Proof of Proposition [TT3l Let h : T> (a, x) — » V {a\,y) an i?l T l-linear bijection. The map h is an 
isomorphism or filtered <p- modules if and only if h fe Ti FiPD (a, x)j = e Ti Fi\ J V (a,y) for all i. Let 
H := [/ijf 1 = f/iyl • Since /i</j = ip\h, we have ft,<^ = ip{h, and since 92^ and (p{ are i?' r '-linear, 

if ■ diag rNm«p(3),Nm v (&),Nm p (c)) = diag (Nm^ai), Nm v (6i), Nm^ci)) • if, 
which implies that 

(Nm^(a) - Nuv(2i)) h u = 0, ^Nm v (a) - Nm v (6i)j K 21 = 0, (Nm v (a) - Nm v (ci)) £31 = 0, 

(Nm v (&) - Nm v (a 1 )) ft 12 = 0, (Nm v (6) - Nm^)) £22 = 0, (Nm^) - Nm (/ ,(c 1 )) h 32 = 0, 

(1.15) 

(Nm v (c) - Nuv(ai)) £13 = 0, (Nnv(c) - Nm^h)) h 23 = 0, (Nm v {c) - Nm p (ci)) K33 = 0. 

Clearly {Nm v (a), Nm v (6), Nm v (c)} = {Nm v (ai), Nm ¥ ,(6i), Nm v (ci)} and we have the following 
cases: 

(1) If Nm v (a) = Nm v (ai), Nm v (6) = Nm ¥ ,(&i), Nm ¥ ,(c) = Nm v (ci). Since the eigenval- 
ues of frobenius are distinct, equations (]1 . 15|) are equivalent to hij — for all i ^ j. We have 
(he ,hei,he 2 ) = (hueo,h 22 ei,h 33 e 2 ^ . 

(a) If the filtration of e Ti FiP"D (a, x) is given by formula ( Ubi Then ft, (e T4 FiFD (a,s)) = 
e Tj FiFZ> (a, y) is equivalent to 

-E 1 (eo + Vi(i)ei + J^'(i)e 2 ) = £ (/iii(£) e o + £i(«)^22(i) e i + a^'W^s®^) , (1-16) 
where £ 2 (i) = £Ca(i) + a:i(«)x 2 (i) and ?/ 2 (i) = 2/2 («) + yi(i)y' 2 (i)i an d 

£7 (eo + j/2(*)e2) © -B (ei + y' 2 {i)e 2 ) = ^ (/*n(i) e o + a^M^^)^) © -E (/i22(«) e i + a^W^^)^) • 

(1.17) 

Equation (|1.16p is equivalent to yi(i)hn{i)ei + y 2 {i)hu(i)e 2 — a;i(£)/i 22 (j)ei + x 2 {i)h 33 {i)e 2 and 
the latter equivalent to 

yi(i)hn(i) = xi(i)h 22 (i) and y 2 (i)/iii(i) = ^2 W^M- 

Equation (TET7|) is equivalent to 

ftn(i) e o + ^ 2 (i)/i 33 (i)e 2 = Ai (e + J/2(«)e 2 ) , 
{h 22 (i)ei + x 2 (i)/i 33 (i)e 2 ) = A 2 (e x + y' 2 (i)e 2 ) > 

for some Ai,A 2 G Hence Ai = /in(i), A 2 = /122W, hn(i)y 2 (i) = x 2 (i)h 33 (i) and h 22 (i)y' 2 (i) = 
x ' 2 {i)h 33 {i) ■ We have 

hn(i)y 2 (i) = x 2 (i)h 33 (i) and h 22 (i)y' 2 (i) = x' 2 (i)h 33 (i), (1-18) 
yi(i)hn(i) = xi(i)h 22 (i) and y 2 (i)hu(i) = x 2 (i)h 33 (i). (1-19) 
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Since x 2 (i),y' 2 (i) G {0,1}, foaaWj/afO = 2:' 2 (0^33(0 implies that x' 2 (i) = y' 2 (i) and h 22 (i) = h 33 (i) 
if x' 2 (i) = y' 2 (i) = 1. We have hn(i)y 2 (i) = x 2 (i)h 33 (i) , h 22 (i)y' 2 (i) = x' 2 (i)h 33 (i), yi(i)h n (i) = 
xi{i)fi22(i), and t/2(t)liii(i) = (0^33(0- 

(0 If x 2 (0 = t/ 2 (i) = 1. Then hii(i)y 2 {i) = x 2 (i)h 33 (i), h 2 2{i) = h 33 (i), yi(i)hu(i) = 
xi{i)fi22(i), and (3/1 (i) + ^u(0 = (2:1(0 + 22(1)) h 33 (i), or equivalently, 

V2{i)hn(i) = x 2 (i)h22(i) 
yi(i)hn(i) = xi(i)fi22(i) 
h 2 2(i) = h 33 (i). 

(ia) If x 2 (i) = 1. Then 2/2 (0 = 1 and hn(i) = h%i(i), 2/i(0 = x i(i), and h 22 (i) = h 33 (i). Then 
h (e Ti FiVT> (a, x)) = e Ti FiPX? (a, y) is equivalent to 

x 2 (0 = x' 2 (i) = y 2 (i) = 1/2(1) = 1, and yi(i) = 

(it) If 12 («) = 0. Then 

y2(i)hu(i) = x 2 (i)h22(i), 
yx(i)h n (i) = xi(i)h2z(i), 
h 22 (i) = h 33 (i), 

hence X2(i) = j/2 (*) = and Xi(i) 7^ if and only if yx(i) 7^ 0. Then h (e Ti FiPZ? (a, x)) = 
e Tj FiP£> (a, y) is equivalent to 

x 2 (i) = y' 2 (i) — 1, X2(i) — 2/2(1) = 0, and Xi(i) 7^ if and only if yi(i) 7^ 0. 

(ii) If x' 2 (i)=y 2 (i)=0. 

yi(i)hu(i) = xi(i)h 22 (i) 
y2(i)hix(i) = x 2 (i)h 33 (i). 

Then equations (jl.181) , (| 1 . 1 9[) are equivalent to hu(i)y2(i) — x 2 (i)h 33 (i) and yx(i)hu(i) = Xi (0^22(0- 
Then h (e Ti FiFZ> (a, x)) — e Ti FiPZ> (a, y) is equivalent to X2(i) = 1 if and only if 1/2(0 = 1 and 
xi(i) 7^ if and only if y\(i) 7^ 0. 

x 2 (i) = 2/2(*) — 0; [ x 2{i) = 1 if and only if 2/2(1) = 1) and (x\(i) 7^ if and only if yi(i) 7^ 0) . 

Hence e Ti V (a,x) and e Ti T> (ai , 2/) are isomorphic if and only if either 
4(0 = 2/2(0 = 1) ^2(0 = 2/2(0 = 1j and 2/1 (0 = or 
2-2 (*) = 2/i(0 = 1: 2:2(0 = 2/2(0 — 0j and xi(i) 7^ if and only if 2/1 (0 7^ 0, or 
2-2(0 = 2/2(0 = 0' 2:2(0 = 1 if and only if 2/2(0 = 1) an d 2:1 (i) 7^ if and only if 2/1 (0 7^ 0. 
(6) If the filtration of e Ti FiPX> (a, x) is given by formula ( U\T ). Then ft (e Ti FiPD (a,x)) = 
e Tj FiFX> (a, 2/) is equivalent to 

E (eo + 2/2(0 e 2) © -B (ei + y' 2 (i)e2) = E (hn(i)e + X2{i)h 33 (i)e 2 ) © £ (ft22(0 e i + 2: 2 (0^33(0 e 2) 
and the latter equivalent to 

hn(i)e + x 2 (i)h 33 (i)e 2 = Ai (e + 2/2(0 e 2) , 
(ft 2 2(0 e i + 2: 2 (0' l 33(0 e 2) = A 2 (ei + 2/ 2 (0e 2 ) , 
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for some Ai,A 2 G E. Hence Ai = h\\{i), \\y 2 {i) = x 2 {i)h 33 (i), A 2 = h 22 (i) 7 and \ 2 y' 2 {i) = 
#2 W^W- These imply that y 2 (i)hn(i) = x 2 («)/i33(i), and h 22 {i)y 2 {i) = x 2 (i)/i 33 (i), hence 

h (e Ti Fil j V (a,x)) = e Tj FiFX> (a,y) 

if and only if x 2 (i) if and only if y 2 (i), and £ 2 («) ^ if and only if y' 2 {i) ^ 0. Since 
x 2 (i), 2/2(«), ir 2 («), j/ 2 (i) G {0,1} this is equivalent to x 2 (i) = 2/2(2) and x 2 (?) = y' 2 (i)- 

(c) If the filtration of e Ti FiP2? (a, x) is given by formula {T^. Then ft, (e Ti FiPl? (a,x)) = 
e Ti Fil Jr D (a, y) is equivalent to 

£ (e + yx{i)ex + y 2 {i)e 2 ) = E (h n (i)e + xi(i)h 22 (i)ei + x 2 (i)h 33 {i)e 2 ) , 

which is in turn equivalent to yi(i)hn(i) — xi(i)h 22 (i) and y'% (i)hn(i) = x 2 (i)h 33 (i). Hence 
h (e n Fil j V (a,x)) = e n Fil j V (a,y) if and only xt{i) = yi(i) and x' 2 '{i) = y' 2 '{i). 

(2) If Nm y (a) = Nm ¥ ,(6i), Nm v (6) = Nm ¥ ,(ai), Nm y (c) = Nm v (ci). In this case equations 
(|1.15j) imply that 

h 12 

// = I h 21 

£33 

and (heo,hei,he 2 ) = ( h 21 ei, h 12 e , h 33 e 2 ) ■ 

(a) If the filtration of e Ti Fi\ 3 T> (a, x) is given by formula iTF^. Then h (e Tl FiPD (a,x)) = 
e n FiP2? (a,y) is equivalent to 

E (e + yi(i)ei + y 2 (i)e 2 ) = E (xi(i)h 12 (i)e + h 21 {i) ei + x' 2 \i)h 33 (i)e 2 ) , (1.20) 
where x 2 (i) = x 2 (i) + xi(i)x' 2 (i) and y 2 (i) — y 2 {i) + yi{i)y' 2 (i), and 

E (eo + y2{i)e 2 ) ®E(ei + y' 2 {i)e 2 ) = i? (/i 2 i(«)ei + a; 2 (z)/i 3 3(i)e 2 ) © E (hi 2 (i)e + x 2 {i)h 33 {i)e 2 ) . 

(1.21) 

Equation (|1.20[) is equivalent to h 2 \(i)e\ + x 2 (i)h 33 (i)e 2 — yi{i)xi{i)h\ 2 (i)ei + y 2 {i)xi(i)hi 2 (i)e 2 
or equivalently 

h 2 i(i) = yi(i)xi(i)hi 2 (i) and x' 2 (i)h 33 (i) = y 2 (i)xi(i)hi 2 (i). 

Equation (|1.21|) is equivalent to h 2 i(i)ei+x 2 (i)h 33 (i)e 2 — Ai (ei + y' 2 (i)e 2 ) and hi 2 (i)eo+x' 2 (i)h 33 (i)e 2 
A 2 (e + y 2 {i)e 2 ) , for some Ai,A 2 G E. So A x = h 21 (i), A 2 = h 12 (i), x 2 (i)h 33 (i) = h 21 (i)y' 2 (i), x' 2 (i)h 33 
hu(i)y(ih, 

h 2 i(i) = yi{i)xi(i)hi 2 {i), x' 2 '(i)h 33 (i) = y 2 {i)xi(i)h 12 (i). 

(i) If x' 2 (i) = y 2 {i) = 0. Then x 2 (i) = y 2 (i) = and h 2 i{i) ~ yi(i)xi{i)hi 2 (i). In this case, 
e Tt T> (a,x) ~ e Ti 2? (01, y) if and only if £ 2 (i) = y 2 (i) = - T 2(*) = y2 (*) = 0, and xi(i)yi(i) ^ 0. 

(ii) If a;' 2 (i) = 0, y' 2 (i) = 1. Then y 2 (i) = 0, zi(i)x 2 (i)?/i(i) ^ 0, h 2 i{i) = x 2 (i)h 33 (i), h 2 i{i) = 
yi(i)xi(i)h 12 {i), and x 2 (i)h 33 (i) = ft 2 i(i), h 2 i(i) = yi(i)xi(i)hi 2 (i). Hence e Ti 2?(a,x) ~ e n £> (ai,j/) 
if and only if x 2 (i) = x' 2 (i) = y' 2 (i) = 1, y 2 = 0, j/i(i)xi(i) ^ 0. 

(mi) If x 2 (i) = 1, y' 2 (i) = 0. Then x 2 (i) = 0, /i 33 (i) = h 12 (i)y 2 (i), h 21 (i) = yi(i)xi{i)h 12 (i), 
and we must have Xi(i)yi(i) ^ and y 2 (i) = 1. Hence e Ti V{a,x) ~ e Ti 2?(a 1 ,y) if and only if 
4(0 = 2/2(«) = 1, £2(0 = y' 2 {i) = 0, xi(i)yi(i) ^ 0. 
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(iv) If x' 2 {i) = y' 2 (i) — 0, then x 2 (i) = 0, 2/2W = 0, and h 2 \{i) — yi(i)xi(i)hi 2 (i). In this case 
e Ti V (a,x) ~ e Ti T> (aj., J/) if 

x 2 (i) = x' 2 (i) = y 2 (i) = y' 2 (i) = 0, and xi(i)yi(i) ^ 0. 

(b) If the filtration of e Ti FiPl? (a, 2;) is given by formula J7\T ). Then /i (e Ti FiFP (a,i)) = 
e n FiP2? (a, is equivalent to 

■S (eo + 2/2(«) e 2) © S (ei + y' 2 (i)e 2 ) = E {h 21 (i)ei + x 2 (i)h 33 (i)e 2 ) © E (h 12 (i)e + x' 2 (i)h 33 (i)e 2 ) 

and the latter is equivalent to h 2 i(i)ei+x 2 (i)h 33 (i)e 2 — Xi(e\ + y' 2 {i)e 2 ) andhi 2 (i)eo+x 2 (i)h 33 (i)e 2 — 
A2 (eo + 2/2(*) e 2) ! f° r some Ai,A 2 G -E. Hence /i (e Ti FiP2? (a,:r)) = e Ti FiP V (a, ?/) if and only if 
x 2(i) = y' 2 (i) and x' 2 (i) = y 2 (i) . 

(c) If the filtration of e Ti FiV T> (a, x) is given by formula d F 2 \ - Then h (e T< FiP£> (a,x)) — 
e Ti FiP2? (a, y) is equivalent to 

E(e + Vi(i)ei + y 2 (i)e 2 ) = E (a;i(i)/ii 2 (i) e o + ^21 Wei + x 2 (i)h 33 (i)e 2 ) , 

which is in turn equivalent to h 2 i(i) — y\{i)xi{i)hi 2 (i) and x 2 (i)h 33 (i) — y 2 (i)xi(i)hi 2 (i). Hence 
h (e Ti FiP2? (a,x)) = e n FiP£> (a,y) if and only if x\{i) = y\{i) = 1 and x 2 (i) = y 2 (i). 

(3) If Nm y (a) = Nm ¥ ,(c'i), Nm v (6) = Nm ¥ ,(ai), Nm v (c) = Nm ¥ ,(&i). In this case equations 
(|1.15l) imply that 





/ 





hi2 





H = 










^23 




V 


h 3 i 









and (he ,hei,he 2 ) = [h 31 e 2 ,hi 2 eo,h 23 eij . 

(a) If the filtration of e Ti FiP T> (a, x) is given by formula §J^. Then h (e Ti FiPX> (a,x)) = 
e Ti Fi\ J T> (a, y) is equivalent to 

E (e + yi(i)ei + y 2 (i)e 2 ) = E (x^h^eo + x' 2 \i)h 23 (i)e 1 + h 31 (i)e 2 ) , (1.22) 

where x 2 (i) = x 2 (i) + xi(i)x' 2 (i) and y 2 (i) = y 2 (i) + yi(i)y' 2 (i), and 

E (e + J/2(i) e 2) © E (ei + y' 2 (i)e 2 ) = E {x 2 {i)h2 3 {i)e 1 + ^31 W e 2) © £ {h 12 {i)e + x 2 (i)h 23 {i)ei) . 

(1.23) 

Equation (|1.22p is equivalent to x 2 (i)h 23 {i)ei + h 3 i(i)e 2 = yi(i)xihi 2 (i)ei + y 2 {i)xi(i)hi 2 (i)e 2 if 
and only if 

x 2 {i)h 23 (i) = yi(i)xi(i)hi 2 (i), 
h 3 i(i) = y 2 (i)x 1 (i)h 12 (i). 

Equation (|1.23l) is equivalent to 

X2(i)h 23 (i)e 1 + h 31 (i)e 2 = Mi e i + ^i2/ 2 00e 2 , 

hi2(i)e + x' 2 {i)h 23 (i)ei = A 2 e + A^ei + (M22/2W + A22/2W) e 2 
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for some Ai,/^ £ E.We have A 2 = /ii2(i), Mi = x 2 (i)h(i) 2 3, \± 2 = 4(0^23(0j x 2 {i)h 23 (i)y' 2 (i) = 
h 3 i(i), 

x' 2 (i)h 23 (i)y 2 (i) + hi 2 (i)y 2 (i) = 0, x 2 (i)h 23 (i) = yi{i)x\(i)hi 2 (i), h 3 i(i) = y 2 {i)x\{i)hi 2 (i) so 
y' 2 (i)x 2 (i)h 23 (i) = h 3 i(i), h 23 (i)y' 2 (i)x 2 (i) + hi 2 (i)y 2 (i) = 0, x 2 (i)h 23 (i) = yi{i)x\(i)hi 2 (i) , and 
h 3 i{i) = y 2 {i)xi{i)h 12 (i). 

(i) If x' 2 (i) = 0, then 

x 2 (i)h 23 (i) = h 31 (i) 

2/2(0 = 
x 2 (i)h 23 (i) = yi(i)xi(i)hi 2 (i) 
h 3 i(i) = yi{i)xi{i)h 12 (i) 
xi{i)x 2 {i)yi(i) ^ 

so we must have x 2 (i) — 1, yi{i)xi{i) ^ 0, h 23 (i) — yi(i)xi(i)hi 2 (i) , and ^31 (z) = h 23 (i). Then 
h (e Ti FiV T> (a, x)) — Fi\ 3 e Ti T> (a,y) is equivalent to 

x' 2 {i) = 2/2(1) = 0, x 2 (i) = 2/2(0 = 1, x 1 (i)y 1 (i) ^ 0. 

(it) If 4(0 = 1. Then 

y' 2 (i)x 2 (i)h 23 (i) = h 3 i(i) 
h 23(i)y' 2 (i)x' 2 (i) + h 12 (i)y 2 (i) = 

x 2 {i)h 23 (i) = yi(i)xi(i)h 12 (i) 
h 3 i(i) = y 2 (i)xi(i)h l2 (i) 

which implies that y' 2 (i) = x 2 {i) = y 2 (i) = 1 and 

h 3 i(i) = h 23 {i) 
h 23 (i) = h 12 (i) 
(xi(0 + 1) h 23 (i) = 2/1(0^1(0^12(0 

h 3 i(i) = (2/i(0 + 1) xi(i)h 12 (i), 

so we need = (2/1 (0 + 1) xi(0 + 2/2(0- Then h (e Ti FiP2? (a, x)) = FiPe Ti D (a, y) is equivalent to 

4(0 = 2/2(0 = ^2(0 = 2/2(0 ^ 0, and (y 1 (i) + y 2 (i))x 1 (i) + y 2 (i)x 2 (i) = 0. 

Summary: 

4(0 = 2/2(0 = x 2 {i) = 0, 2/2(0 = 1> ^i(02/i(0 ^ 0; or 

4(0 = 2/2(0 = x 2 (i) = 2/2(0 = 1) and (2/i(0 + !) ^1(0 + 1 = 0. 

(b) If the filtration of e Ti FiV T> (a, x) is given by formula fl-FiD - Then /i (e Ti FiPD (a, x)) = 
e Ti Fi\ J T> (a,y) is equivalent to 

-E (eo + 2/2(0 e 2) © E (ei + y' 2 {i)e 2 ) = E (x 2 (i)h 23 (i)ei + h 31 (i)e 2 ) © E (h 12 (i)e + x' 2 (i)h 23 (i)ei) 

which is in turn equivalent to 

^2(0^23(0 e i + h 3 i{i)e 2 = niei + ^iy 2 (z)e 2 , 

^12(0 e + 4(0^23(0 e l = ^2e + /i2ei + (/i22/2(0 + ^22/2(0) e 2 
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for some Aj,/Xj e E. We have x 2 {i)y' 2 {i)h 23 {i) = h 31 (i), and 4 (0^23 (02/2(0 + ^12 (i)j/2 (*) = 0. Then 
ft (e n FiPX» (a,x)) = e n FiPX> (a, y) if and only if x 2 (i) — y' 2 (i) — 1 and x' 2 (i) = y 2 {i). 

(c) If the filtration of e Ti FiV T> (a, x) is given by formula {T^. Then ft (e^FiP© (o,x)) = 
e Tj FiP£> (a, y) is equivalent to E (e + yi(i)ei + 2/2 (0 e 2) = ^ (^i(«)^i2(*) e o + x 2 (0^23 (0 e i + ft3i(i)e 2 ) , 
and the latter is equivalent to x 2 (i)h 23 (i) = J/i(*)^i(*)fti2(i), and ftai(i) = y 2 (i)xi(i)hi 2 (i). Then 
ft (e Ti FiF2? (o,x)) = e n FiP£> (a,y) if and only if y%(i) = xi(i) = 1 and a%(i) = yi{i). 

(4) If Nm ¥ (a) = Nnv(oi), Nm y (6) = Nm^ci), Nm^(c) = Nm^&i) then 



ftll 














ft23 





ft32 






and 

(fte ,ftei,fte 2 ) = ^ ftne , ft 32 e 2 , ft23ei ) • 

(a) If the filtration of e Ti FiPZ? (a, x) is given by formula Then ft (e Ti FiPX> (a,x)) = 

e Ti Fi\ J T> (a, y) is equivalent to 

£? (e + yi(i)ex + y' 2 ' (i)e 2 ) = E (ftn(i)e + a^'(i)/i2a(i)ei + xi(i)h 32 (i)e 2 ) , (1.24) 

where x 2 '(i) = x 2 (i) + a;i(i)x 2 (i) and y 2 (i) = y 2 (i) + yi(i)y' 2 (i), and 

E (eo + y2(«)e 2 ) i? (ei + y' 2 {i)e 2 ) = £ (ftn(i)eo + x 2 (i)ft 23 («)ei) © ^ (x 2 («)ft23(«) e i + ^32(0 e 2) . 

(1.25) 

Equation (|1.24|l is equivalent to a; 2 {i)h 32 (i)e\ + £i(0^32(0 e 2 = yi(0^n(0 e i + 2/2 (0^n(0 e 2 or 
equivalently 

^2 (0^3 («) = yiW^iiWj 

x\{i)h 32 (i) = y 2 (i)hn(i). 

Equation (|1 .25|) is equivalent to 

ftn(0 e o + ^2(«)ft23(«)ei = Aie + /iiej + (niy' 2 (i) + Aiy 2 (i)) e 2 , 
£ 2 (0^23(0 e i + h 32 (i)e 2 = ^ 2 ei + M2y 2 (0 e 2 

for some Aj,^ e -E. Then x 2 {i)h 23 {i) = yi(i)h n (i), xi(i)h 32 (i) = y 2 (i)hn(i), y' 2 {i)x 2 (i)h 23 (i) + 
2/2(0^ii(0 = 0, and h 32 (i) = y' 2 (i)x' 2 {i)h 23 (i) . Hence y' 2 {i) = x' 2 (i) = 1, ft 23 (i) = ft.32(0 and 

(xx(i) + x 2 (i)) h 32 (i) = yi(i)hu(i), 

xi(i)h 32 (i) = (yi(i) + y 2 (i)) ftn(i), 
x 2 (i)h 32 (i) = -y 2 {i)hn(i). 

if and only if y 2 (i) = x' 2 (i) = 1, ft 23 (i) = ft32(«), xi(i)h 32 (i) = (y%(i) + Jte(0) ftn(i), and x 2 (i)h 32 (i) = 
-V2(i)hii(i). 

(i)Ux 2 (i) = ltheny 2 (i) = 1 and = 0, ft 32 (0 = -ftn(i). Then ft (FiPe Ti D (a, a)) = 

FiV e Ti T> (a, y) is equivalent to 

2/2(0 = 4(0 = !) x 2 (i)y 2 {i) 0, and xi(i)y 2 (i) + x 2 (i) (yi(i) + y 2 (i)) = °- 
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(ii) If X2{i) — 0, then y' 2 (i) = x' 2 (i) = 1, 2/2 (*) = 0, and 

xi(i)h 32 (i) = yi(i)h n (i), 

so we need xi(i) ^ if and only if 7^ and h (FiPe Ti X> (a, x)) = Fi\ J e Ti T> (a, y) is equivalent 
to 

X2{i) — J/2 (i) = 0, x' 2 (i) = y' 2 {i) — 1' an d xi(i) 7^ if and only if yi(i) ^ 0. 

(b) If the filtration of e Ti FiP2? (a, x) is given by formula §7\}. Then ft (e Ti FiP£> (a, x)) = 
e n FiP2? (a, J/) is equivalent to 

£ (eo + 2/2(«)e 2 ) © -E 1 (ei + y' 2 {i)e2) = E (h n (i)e + x 2 (i)h 23 (i)ei) © E (x' 2 {i)h 23 (i)ei + h 32 {i)e 2 ) 

and this is equivalent to 

hn(i)e + x 2 (i)h 23 (i)e 1 = Aie + /iiex + (niy' 2 (i) + Aiy 2 (i)) e 2, 
a; 2 («)/i23(i)ei + h 32 (i)e 2 = ^ 2 ei + /i 2 y 2 (j)e 2 

for some Aj, /ii € -E. We have x 2 (z)y 2 (2)^23 («) + ftii (2)2/2(2) = 0, and h 32 (i) = x 2 (i)i/ 2 (£)/i23(i)- Hence 
ft- (FiPe Ti X> (a,x)) = Fi\ 3 e Ti T> (a, y) if and only if x' 2 (i) = y' 2 {i) = 1 and x 2 (i) = y%{i). 

(c) If the filtration of e ri FiF2? (a, x) is given by formula fT^ . Then ft (e Ti FiFX» (a,x)) = 
e Ti FiF2? (a, j/) is equivalent to 

-E (eo + yi(«) e i + 2/2 (*) e 2) = £ (ftn(i)eo + x 2 (i)h 23 {i)ei + xi(i)h 32 (i)e 2 ) 

and this is equivalent to x 2 (i)h 23 (i) = yi(i)hn(i), and Xi(i)h 32 (i) — y 2 (i)hu(i). Hence h (FiFe Ti X> (a, 
FiPe Xi 2? (a, y) if and only if x 2 (i) = yi(i) and x%(i) — y 2 {i). 

(5) If Nm v (a) = Nm^q), Nm^S) = Nm^&i), Nniy(c) = Nm^oj). Then 

/ hi 3 \ 

= h 22 

V ftsi / 

and 

(ft.eo,/iei,/ie 2 ) = f ft 31 e 2 , ft22ei, fti3eo J 

(a) If the filtration of e Ti FiP£> (a, x) is given by formula flJ-"oD . Then ft (e Ti FiP2? (a, x)) = e Ti FiVT> (a, y 
is equivalent to 

E (e + yi(«)ei + y 2 (i)e 2 ) = E (x 2 (i)h 13 (i)e + xi(i)ft 22 (i)ei + h 31 (i)e 2 ) , (1-26) 

where x 2 {i) = x 2 (i) + xi(i)x' 2 (i) and y 2 (i) = y 2 (i) + yi{i)y' 2 {i), and 

E (e + 2/2(«) e 2) ®E{e\ + y' 2 {i)e 2 ) = E {x 2 (i)hi 3 (i)e + h 31 (i)e 2 ) © E {x' 2 (i)hi 3 (i)e a + h 22 (i)ei) . 

(1.27) 

Equation (|1.26p is equivalent to xi(i)h 22 (i)e\ + h 3 i{i)e 2 = yi(i)x 2 (i)h\ 3 (i)ei + y 2 (i)x 2 {i)h\ 3 {i)e 2 
if and only if 

xi(i)h 22 (i) = yi(i)x 2 [i)hi 3 {i), 
h 3 i(i) = y 2 (i)x 2 (i)h 13 (i). 
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Equation (|1.27[) is equivalent to 

X2(i)hi3(i)e + h 31 (i)e 2 = \ie + Aiy 2 (i)e 2 , 

x' 2 (i)h 13 (i)e + ft 22 (0ei = A 2 e + /x 2 ei + (ms^W + A 2?/2(0) e 2 

for some A*,/^ e So, ft 3 i(0 = ^2(02/2 (0^13(0! 2/2(0^22(0 = -x' 2 (i)y 2 (i)hi3(i), xi(i)ft 22 (i) = 
z/i(i)x 2 («)fti 3 (0, ft-3i(0 = 2/2(0 x 2 (0^13(0 

and we must have x 2 (0 = 2/2(0 = y 2 («) = x' 2 '(i) = 1, y' 2 (i)h 22 (i) = -x' 2 (i)y 2 (i)hi 3 (i), ft 3 i(0 = 
hn(i), and xi (i)h 2 2(i) = yi(i)hi3(i) (i) x' 2 (i) = 1 then j/ 2 (0 = 1 and ft 22 (i) = -hi 3 (i), h 3 i(i) = 
h 13 (i), xi(i)h 22 (i) = 2/i(0 (#i(0 + 1) hi 3 {i), and 1 = (yi(i) + 1) (#i(0 + 1) . (ia) xt(i) ^ 0. Then 
x 2 (i) = y' 2 {i) = 1 and we need y%(i) (xi(i) + 1) /ii 3 (0 — —xi{i)h\ 3 (i) which holds because 1 = 
(yi (0 + 1) (xi(i) + 1) . Then ft (FiPe Ti £> (a,x)) = Fi\ j e Ti V (a,y) is equivalent to 

4(0 = 2/2 (0 = x 2{i) = V2{i) = 1, xi(i)yi{i) ± 0, and 1 = (y 1 (i) + 1) (xi(i) + 1) . 

(ib) If xi(i) = 0. Then x' 2 (i) = y' 2 (i) = y 2 (i) = x 2 (i) = 1 and h 22 (i) = -fti3(i), ft3i(0 = ^13(1)- 
Then h (FiVe Ti V (a,xj) = FiVe Ti V (a, y) is equivalent to 

xi(i) = yi(i) = 0, x' 2 (i) = y 2 (i) = x 2 (i) = 2/2(1) = 1. 

(m) If x' 2 (i) = = y 2 (z), then x 2 (0 = y 2 (i) = 1 and xi(i)ft 22 (i) = S/i (*) ^13 (*) , fc<3i(0 = ftiaCO' 
(na) If xi(i) = 0. Then x' 2 (i) = y' 2 (i) = 0, x 2 (i) = 2/ 2 (0 = 1, 2/1 (0^13(0 = and ft 31 (i) = fti 3 (0- 
Then ft (FiFe Ti 2? (a,x)) = Fi\ J e Ti T> [a,y) is equivalent to 

xi(i) = yi(i) = x' 2 (i) = y' 2 (i) = 0, and x 2 (i) = 2/2(0 = 1. 

{iib) If x\{i) ^ 0, then we must have x' 2 {i) = y 2 {i) = 0, x 2 {i) — 2/2(0 = 1, x\{i)h 22 {i) = 
yi{i)h\ 3 {i) and j/i(0 7^ 0. Then ft, (FiPe Ti 2? (a, x)) = FiFe Ti Z> (a, 2/) is equivalent to 

=4(0 = 2/2(0 = °> ^(O = 2/2(«) = 1, and xi(i)yi(i) ^ 0. 

(&) If the filtration of e Ti FiVT> {a, x) is given by formula Then h (e Ti Fi\ j D (a, x)) = 

e Ti FiVT> {a,y) is equivalent to 

-E (e + 2/2(0 e 2) © £ (ei + y' 2 (i)e 2 ) = E (x 2 {i)h 13 (i)e + h 31 {i)e 2 ) © E (x' 2 {i)h 13 (i)e + h 22 {i) ei ) 

which is equivalent to 

a;2(0^i3(0 e o + h 31 (i)e 2 = Aie + Ai?/ 2 («)e 2 , 

^ 2 (0^i3(0 e o + h 2 2(i)ei = A 2 e + M2ei + (M22/ 2 (0 + A 2 j/ 2 (0) e 2 

for some A;,/Xi € £/. Then 2/2 (O^ (0^13(0 = ^3i(0 an d ^22(2)2/2(0 + x ' 2 (i)hi 3 (i)y 2 (i) = 0. Hence 
ft (FiFe Tl X> (a, x)) = Fil J e n 2? (a,y) if and only if 2/2(0 = ^2(0 = 1 and 2/2 (0 = x ' 2 {i). 

(c) If the filtration of e Ti FiF2? (a, x) is given by formula fTj . Then ft (e r TiPD (a,x)) = 
e Ti FiP2? (a, j/) is equivalent to 

^(eo + 2/1 (0 e i + 2/2 (0 e 2) = (a; 2 (0^i3(0 e o + ^i(0^22(0 e i + ^3i(0 e 2) 
which is equivalent to xi(i)ft 22 (i) = 2/1(0^2 (0^i3(0i and ft<3i(0 = y 2 (i)x 2 (i)hi 3 (i). Hence 

ft (FiPe n P (a,x)) = FiPe Tl P (a, y) 
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if and only if y 2 (i) — x 2 (i) — 1 and y\{i) — x\{i). 

(6) If Nm v (o) = Nm„(6 1 ), Nm^fc) = Nm ? (cl), Nm y (c) = Nm (/ ,(a 1 ). Then 



H = 



( fei 3 
^21 

V o /J 32 



and / _ - - \ 

{he 07 he 1 ,he 2 ) = y h 2 iei, h 32 e 2 , h 13 e J. 

(a) If the filtration of e Ti FiP£> (a,x) is given by formula §Tg§ . Then /i (e Ti FiP2? (a, x)) = e Ti FiW (a, y) 
is equivalent to 

B (eo + yi(«) e i + y2(*) e 2) = (a^' W^i3(*) e o + ^2i(i) e i + xi(i)h 32 (i)e 2 ) , (1-28) 
where a^'(j) = x 2 (i) + xi(i)x' 2 (i) and y 2 (i) = y 2 (i) + yi{i)y' 2 {i), and 

E (e + y 2 (i)e 2 ) ®E(e% + y' 2 {i)e 2 ) = E {x 2 (i)hi 3 (i)e + /i 2 i(«) e i) ® ^ 04(*)^i3(O e o + h 32 (i)e 2 ) . 

(1.29) 

Equation (|1.3ip is equivalent to h 2 \(i)ei + Xi(i)h 32 (i)e 2 = yi(i)x' 2 {i)hi 3 (i)e\ + y 2 (i)x 2 (i)hi 3 (i)e 2 
if and only if 

h 2 i(i) = yi{i)x' 2 '(i)hi3(i) 
xi(i)h 32 (i) = y 2 (i)x 2 (i)h 13 (i) 

and equation ([1.291) is equivalent to 

x 2 {i)h 13 (i)e + h 21 (i)ei = \ie + /iiei + {\iy 2 {i) + ^iy' 2 {i)) e 2 
x' 2 (i)hi 3 (i)e + h 32 (i)e 2 = X 2 e + X 2 y 2 (i)e 2 

for some A l; /ij G E. We have h 21 (i) = yi(i)x 2 (i)hi 3 (i) , xi(i)h 32 (i) = y%(i)x 2 {i)h 13 (i), x 2 (i)y 2 {i)h 13 (i) + 
y' 2 (i)h 21 (i) = 0, and x 2 (i)y 2 {i)h 13 (i) = h 32 {i). Then x' 2 (i) = x 2 (i) = y 2 (i) = 1 and h 21 (i) = 
yi{i)h 13 (i), h 32 {i) = hu(i), xi(i)h 32 (i) = y%{i) {xi(i) + x 2 (i)) hi 3 (i), x 2 (i)y 2 {i)hi 3 (i)+y' 2 (i)h 2 i(i) 
li 

(i) If y' 2 (i) = x 2 {i) = 0, then we must have x' 2 (i) = yi(i) = y 2 (i) = 1, xi(i)yi{i) ^ 0, h 2 i{i) = 
yi(i)x 2 (i)hi 3 (i), and h 32 (i) = y 2 (i)hi 3 (i). Then h (e Ti FiP£> (a, a;)) = e Ti FiP2? (a, y) if and only if 

x ' 2 {i) = V2{i) = P y'S) = x 2 (i) = 0, xi{i)yi(i) ^ 0. 

(ii) If y' 2 (i) — x' 2 (i) — 1. Thenwe must have x 2 (i) = y 2 (i) — 1, yi{i) {x\{i) + 1) + 1 = 0, h 2 i{i) ~ 
—hi 3 (i), and h 32 (i) = hi 3 (i). Hence h (e Ti FiPX> (a, x)) = e Ti FiW (a, y) if and only if 

X 'S) = v'li.i) = x 2{i) = V2{i) = 1, and yi(i) + 1) + 1 = 0. 

(6) If the filtration of e Tl FiP D (a,x) is given by formula ((Tj}. Then h (e Tt FiP X> (a,z)) = e Tl FiP £> (a, J/) 
is equivalent to 

E (e + y 2 {i)e 2 ) ® E(ei + y' 2 (i)e 2 ) = E (x 2 (i)hi 3 (i)e + h 2 i(i)e{) © E (x 2 (i)hi 3 (i)eo + h 32 (i)e 2 ) 
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which is equivalent to 

x 2 {i)h 13 (i)e + h 2 i{i)ei = \ie + n\a\ + {\iy 2 {i) + MiJ/aC*)) e 2 
x' 2 (i)h 13 (i)e + h 32 (i)e 2 = A 2 e + X 2 y 2 (i)e 2 

for some \i,fJ,i G E. We must have y 2 (i)x 2 (i)hi 3 (i) + h 2 i(i)y 2 (i) = and y 2 (i)x' 2 (i)hi 3 (i) = h 32 {i). 
Then h (e Ti ¥\\ j V (a, x)) = e Ti FiPX> (a,y) if and only if y 2 (i) = x' 2 {i) = 1 and x 2 (i) = y' 2 {i)- 

(c) If the filtration of e Ti FiV V (a, x) is given by formula Q F 2 \ . Then h (e T< FiP£> (a, x)) = 
e Ti FiP2? (a, y) is equivalent to 

P(e + J/i(i)ei + y 2 (i)e 2 ) = E {x 2 (i)h 13 (i)e Q + h 21 (i)ei + xi(i)h 32 (i)e 2 ) 

which is equivalent to h 2 \{i) = yi(i)x 2 (i)hi 3 (i), and x\{i)h 32 {i) = y 2 (i)x 2 (i)hi 3 (i). Then h (e Ti FiPZ? (a 
e Ti Fil J T? (a, y) if and only if y\(i) = x 2 {i) — 1 and X\{i) = y 2 ' (i). ■ 

Proof of Proposition 11.41 Let (D, ip, N) be a filtered (p, 7V)-module and let (D, ip) be as in 
Proposition 11.11 Let e be an ordered basis such that Mate (v) = diag ^a, b, cj . Let A :— [N]e — 
(ctij) . Since Np = p<pN, we have AP = pPip (A) , where P := Mate (<p) ■ Hence 

a ■ an = p ■ a ■ ip (a n ) , b ■ a 12 = p ■ a ■ p (a i2 ) , c-a 13 = p • a • p (ai 3 ) , (1.30) 
a-a 2 x=p-b-(p (a 2 i) , b ■ a 22 = p ■ b ■ p (a 22 ) , c ■ a 23 = p ■ b ■ tp (a 23 ) , (1-31) 
a ■ a 3 i = p ■ c • (/? (a 3 i) , 6 • a 32 = p ■ c ■ p (a 32 ) , c - a 33 =p-c - p (a 33 ) (1-32) 

for all i — 1,2, 3. Since the coordinates of the vectors a, 6, c are nonzero, equations (|1.30p , (jl.31|> , (|1.32|) 
imply that either all the coordinates of the vectors dij are nonzero or dij = 0, for any i,j G {1,2,3}. 
We need the following lemma whose proof is straightforward. ■ 

Lemma 1.6 Leta,f3 G (P x )' r ' . The equation a ■ 7 = (3-ip(j) has nonzero solutions 7 G P' r l if and 
only i/Nm ¥ ,(a) = Nm y) (/3). in i/iis case, aZZ £/ie solutions are 7 = 7 ^1, , ~ 2 2 J /or 

any 7 G P. 

Proof. Since iV^ = p^ip^N, we have j4Nm v (P) = p-^Nm^ (P) A, hence 

Nm v ,(a) • an = p-^ • Nm ¥ ,(a) • an, Nm v (&) • a*i 2 = p f ■ Nm v (a) • a i2 , Nm ¥ ,(c) • a i3 = p s ■ Nm v (a) • a i3 , 
Nm v ,(a) • a 2i = p-^ • Nm ¥ ,(o) • a 2i , Nm ¥ ,(o) • a 22 = p^ • Nm v (6) • a 22 , Nm y (c) • a 23 = p^ ■ Nm v (6) • a 23 , 
Nm ¥ ,(a) • a 3 i = p f ■ Nm v (c) • a 3i , Nm v (&) • a 32 = p f ■ Nm v (c) • a 32 , Nm ¥ ,(c) • a 33 = p^ • Nm v (c) ■ a 33 . 

Since the eigenvalues of frobenius are distinct, a*n = a 22 = a 33 = 0. Moreover, if dij ^ then 
dji = for all i, j. We show that at most two entries of [N] e are nonzero and give their precise 
formulas. 

(i) If 0*12 7^ 0, then Nm ¥ ,(6) = p-^Nm v (a) and the equation 6 • a*i 2 — p ■ a ■ p (0*12) and Lemma 
11.61 imply that 
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ai2 = ai2 1, 



6(0) 6(0)6(1) 



6(0)6(1)-. -6(f-2) 



pa (0) ' p 2 a (0) a (1) ' ' p/-i a (0) a (1) • • • a (/ - 2) 

for some aia G E x . If 0*13 7^ 0, then Nm ¥ ,(c) = p'Nm^(a) a contradiction since the eigenvalues of 
frobenius are distinct. Hence 0*13 = 0, and similarly 032 = and 021 = 0. 

(ia) If (?3i 7^ 0, then Nm^(o) = p^Nm v (c) and the equation a ■ 031 = p ■ c • <p (031) and Lemma 
11.61 imply that 



031 = 031 



/ a(0) a(0)a(l) a (I 

^ '^0)Vc(0)c(l)'"' '^T 



(0)a(l)---o(/-2) 



e(0)c(l)---c(/-2) 



for some 031 £ E x . 

(ib) If 0*23 7^ 0, then Nm ¥> (c) = p^Nm tp (6) and and the equation 0-0*23 — p-b-ip (023) and Lemma 
11.61 imply that 



«23 = 023 ! 



:(0) C(0)C(1) 



c(0)c(l)---c(/-2) 



p6 (0) ' p 2 b (0) 6(1)' ' pf-H (0) 6 (1) • • • 6 (/ - 2) , 
for some 023 G E x . Notice that at most one of the 031 and 0*23 can be nonzero. Hence 



with 



0*12 = 012 I 1, 
031 = 031 f 1, 

023 = «23 1, 



Ms 



6(0) 6(0)6(1) 



0*12 
a 23 

031 



6(0)6(l)---6(f-2) 



pa (0) ' p 2 a (0) a (1) ' ' p/-l a (0) a (1) ■ • • a (/ - 2) 
o(0) o(0)a(l) a(0)a(l)---o(/-2) 



pc(0)'p 2 c(0)c(l)' 
c(0) c(0)c(l) 



V- 1 c(0)c(l)-.-c(/-2) 
C (0)c(l)---c(/-2) 



p6 (0) ' p 2 6 (0) 6(1)' ' pf-ib (0) 6 (1) • • • b (/ - 2) 



for some 012 G E, 
for some 031 G E, 
for some 023 G E. 



If 012 7^ then Nm v (6) = p*Nm ¥ ,(a), if 031 7^ then Nm v (a) = p^Nm v (c) and if 023 7^ then 
Nm v (c) = p^Nm ( p(6) and at most two of the entries of the matrix of [N] e are nonzero. Arguing 
similarly for the remaining possibilities we see that [N]e has one of the following shapes: 

(<) 

/ 012 

[N]e= fl 23 

V 031 



with 



Ol2 = 012 
031 = 031 I 1, 
0*23 = 023 ( 1, 



/ _6J0)_ 6(0)6(1) 
^ ' pa (0) ' p 2 a (0) a (1) ' 
o(Q) a(0)a(l) 
pc(0)'p 2 c(0)c(l)'' 
c(0) c(0)c(l) 



6(0)6(l)---6(/-2) 
" V- 1 o(0)o(l)--o(/-2) 

a(0)a(l)---a(/-2) 
'p/-i C (0)c(l)---c(/-2) 

c(0)c(l)---c(/-2) 

p6 (0) ' P 2 b (0) 6(1)' ' pZ-ift (0) b (1) • • • b (/ - 2) 



for some 012 G E, 
for some 031 € E, 
for some 023 G E. 
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If ai2 7^ then Nm (p (6) = p^Nm v (a), if a 3 i ^ then Nm v («) = p^Nm ¥ (c) and if a 2 3 ^ then 
Nm v (c) = p^Nm (/ ,(&). At most two of the entries of the matrix of [N]e are nonzero. 

(«) 

/ ai 3 
[JV]e= a 2 i 
\ a 32 

with 

/ c(0) c(0)c(l) c(0)c(l)---c(/-2) \ , 

oi3 = 013 1, — 2 \' V 1V • • • , f _i ttvT 7H \ for somc ° 13 e S ' 

V pa(0) p 2 a(0)a(l) pJ 1 a (0) a (1) • • • a (/ - 2) y 1 

/ a(0) o(0)a(l) a (0) a (1) •••<*(/ -2) \ . 

° 21 = &21 I 1 ' p6(0) ' p 2 6 (0)6(1)' • ' • ' p/-M0) &(1) •••&(/ -2) J f ° r S ° me ° 21 G ^ 

/ 6(0) 6(0)6(1) 6(0)6(1) ■••&(/ -2) \ , 

«32 = a 32 1, — 77\\ ' 2 ^ • ' • ' f-i m\ m 77 — ^ for some fl32 e E - 

V pc(0) p 2 c(0)c(l) p/ 1 c(0)c(l) • • -c(f - 2)7 

If ai3 7^ then Nm^fc) = p^Nm v (a), if a 2 i 7^ then Nm ¥ ,(c) = p^Nm ¥ ,(6) and if a 32 7^ then 
Nm v (6) = p^Nm ¥ ,(c). At most two of the entries of the matrix of [N]g are nonzero. 



(Hi) 




with 



/ 6(0) 6(0)6(1) 6(0)6(l)---6(/-2) \ 

012 = 012 1, — ^r, m - • • • ' f-i 77vT m r/ for some ° 12 e S ' 

\ pa(Q) p z a(0)a(l) p' L a (0) a (1) • • • a (/ — 2) / 

/ c(0) c(0)c(l) c(0)c(l)---c(/-2) \ , 

° 23 = fl23 I, 1 ' p6(0) ' P 2 6 (0)6(1)' • ' • ' p/-i6(0)6(l)...6(.f-2) J f ° r S ° me ° 23 G E > 

( a(0) o(0)a(l) a(0)a(l)- ••«(/- 2) \ „ 

031 - 031 1, -^r, V .;, , • • • , ; u ; for some 031 € £• 

V pc(0) p 2 c(0)c(l) 1 c(0)c(l) • • -c(f - 2)7 

If ai2 7^ then Nm v (6) = p^Nm v (a), if a 2 3 7^ then Nm ¥ ,(c) = p^Nm ¥ ,(6) and if a 3 i 7^ then 
Nm v (a) = p^Nm v (c). At most two of the entries of the matrix of [N]e are nonzero. ■ 
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